We provide an irreducibility criterion on integral coefficient polynomials over the rational number field. In particular, let G be the Galois group of this kind of polynomial f (x) and suppose f (x) is separable and has no linear factors. In this note, we prove that if G has no proper direct product decomposition, then f (x) is irreducible (i.e., f (x) is also indecomposable).
Introduction
A basic problem in the theory of polynomials is finding an effective method to verify irreducibility of a polynomial over a field. When the field is the rational number field, we frequently apply the famous Eisentein's irreducibility criterion, for example, see [1, Theorem 17, Chapter 3] ). For an integral coefficient polynomial f (x) = a n x n + a n−1 x n−1 + · · · + a 1 x + a 0 , if there is a prime p such that p does not divides a n , but divides the remaining a n−1 , a n−2 , · · · , a 0 ; and p 2 does not divides a 0 . Then f (x) is irreducible over the rational number field Q. For instance, the cubic polynomial x 3 + 2x 2 + 4x + 2 is irreducible over Q since we may take the prime p is 2.
Let Q be the rational number field, E be an extension of Q( i.e., E ⊇ Q) and f (x) a polynomial over Q. The extension E/Q is said to be a Gaolis extension if E is a finite separable and normal extension over Q. The Galois group Gal(E/Q) of the extension E/Q is the full set of automorhisms of E fixing Q pointwise under the binary operation of composition. An extension field E of Q is said to be the splitting field of f (x) if E is minimal such that f (x) can factorize into linear factors, i.e., f (x) = a(x − α 1 )(x − α 2 ) · · · (x − α n ), over E. The group Gal(E/Q) is said to be the Galois group of f (x) if E is the splitting field of f (x). As shown in Theorem 81 of [2] , E/Q is a Galois extension if and only if Q = C E (G). Here C E (G) denotes the set of all fixedpoints of G on E for G = Gal(E/Q). Thus f (x) factorizes into linear factors in Q[x] if and only if G is trivial.
In this note, we are intent to apply Galois groups of polynomials to give an irreducibility criterion for integral coefficient polynomials over Q. Specifically, we prove the following result. Recall that a polynomial f (x) is said to be separable over Q if there exists an irreducible factorization
Theorem Let f (x) be a separable polynomial with integral coefficients and suppose that f (x) has no linear factors and G is its Galois group over Q. If G can not decompose into the direct product of its two proper subgroups,
The usefulness of Theorem comes from the facts that the Galois group of the polynomial f (x) can indeed be analyzed via the known results without knowing the roots of f (x) explicitly.
Unless otherwise specified, the notation and terminology is standard, as presented in [2] .
Proof of result
The following is the proof of Theorem.
Proof. Assume Theorem is false and there exists a factorization f (x) = g(x)h(x) such that neither of factor g(x) or h(x) is linear, and (f (x), g(x)) = 1. Take E to be the splitting field of f (x). Let Ω 1 = {α 1 , · · · , α t } be the set of all roots of g(x) in E, and Ω 2 = {α t+1 , · · · , α n } be the set of all roots of h(x) in E. For an arbitrary σ ∈ G, we know g(α = Ω 2 , further it is easy to see σ 1 σ 2 = σ 2 σ 1 since the intersection Ω 1 ∩ Ω 2 is empty. Let
Since G is uniquely determined by its action on Ω 1 ∪ Ω 2 , we have G = G 1 G 2 such that the commutator subgroup [G 1 , G 2 ] and the intersection G 1 ∩ G 2 are each trivial, and so G = G 1 × G 2 . This is contrary to the hypothesis of Theorem.
Observe that the converse of Theorem is false in general. For a polynomial f (x) = x 6 + x 5 + x 4 + x 3 + x 2 + x + 1, write ξ to denote a primitve 7th root of unity, we know E = Q(ξ) to be the splitting field of f (x), and its Galois group G is abelian (by Theorem 69 of [2] ) and has order 6 as |G| = |E : Q| = 6 (by Theorem 56 of [2] ). It is easy to see G ∼ = C 2 × C 3 , a direct product of two cyclic groups of orders 2 and 3, respectively. However, f (x) is an irreducible polynomial in Q[x].
Practical algorithm
Now we wish to suggest some practical steps testing the irreducibilities of polynomials over Q via the above Theorem.
Let f (x) = a n x n + a n−1 x n−1 + · · · + a 1 x + a 0 be a polynomial with integral coefficients and its derivative f (x) = na n−1 x n−1 + (n − 1)a n−1 x n−2 + · · · + a 1 . If the greatest common divisor (f (x), f (x)) is not a constant, then f (x) is not irreducible. Otherwise, f (x) is a separable polynomial. Furthermore, when f (x) has a linear factor, it must have a rational root u/v which is a reduced fraction (i.e., (u, v) = 1). We apply the rational root theorem to conclude that v is an integral factor of the leading coefficient a n and u is an integral factor of the constant term a 0 . Thus f (x) has an integral coefficient linear factor ux − v and f (x) = (ux − v)g(x). In fact, g(x) is also an integral coefficient polynomial by a Gauss' lemma on polynomial. Therefore, we may reduce to the case where f (x) is separable and its possible factors are all nonlinear. Our Theorem just deal with this case. Note that the above (f (x), f (x)) can be obtained by the polynomial long division.
Considering the complexity of computing Galois groups of polynomials, the method presented here is not as simple as Eisentein's criterion, but it is a fairly practical candidate for a particular polynomial. Additionally, there is a lot of literature on computations of Galois groups.
